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Abstract. A systematic method to derive the Hamiltonian and Nambu form for the
shallow water equations, using the conservation for energy and potential enstrophy,
is presented. Different mechanisms, such as vortical flows and emission of gravity
waves, emerge from different conservation laws (CLs) for total energy and potential
enstrophy. The equations are constructed using exterior differential forms and self-
adjoint operators and result in the sum of two Nambu brackets, one for the vortical
flow and one for the wave-mean flow interaction, and a Poisson bracket representing
the interaction between divergence and geostrophic imbalance. The advantage of this
approach is that the Hamiltonian and Nambu forms can be here written in a coordinate
independent form.
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1. Introduction
Noncanonical Hamiltonian dynamics, which is the natural framework for the geometric
description of hydrodynamical systems in Eulerian form, is characterized by the fact that
the Poisson operator is singular, with the singularity giving rise to a class of conserved
quantities called Casimirs. Following the existence of these conserved quantities, it
is possible to reformulate the dynamics from the classical formulation that instead
makes use only of the Hamiltonian. The resulting dynamics based on this assumption is
simply based on Liouville’s Theorem and was first developed by Nambu [1]. Differently
from Hamiltonian dynamics, Nambu dynamics can be odd-dimensional and it results
in a skew-symmetric bracket, now called Nambu bracket, which obeys discrete Leibniz
Rule and the Jacobi Identity [2]. The approach has been applied to finite-dimensional
systems, including the nondissipative Lorenz equations [3] and the dynamics of point-
vortices [4, 5, 6], and it has been extended to infinite dimensional systems by Ne´vir and
Blender [7], where the Nambu brackets for ideal hydrodynamics were formulated using
enstrophy and helicity as conserved quantities in two and three dimensions respectively.
Infinite dimensional Nambu dynamics has been applied to geophysical fluid dynamics
[8, 9, 10, 11, 12, 13], where the resulting formulation can be used not only to provide
an invariant framework, but also for the construction of numerical algorithms that
conserve both the energy and the Casimirs of the system [14, 15, 16, 9, 17]. The
downside of the construction of the hydrodynamics Nambu-brackets is that, as much as
for the construction of the hydrodynamics Poisson brackets [18], it was mainly based on
intuition and guessing.
Recently, [19] showed however that the equations for hydrodynamic systems can be
derived in Nambu form purely using conservation laws (CLs) and geometric principles.
In this derivation, the CLs are considered as constraints for the trajectories in state
space. For two-dimensional ideal hydrodynamics with vorticity as the single degree of
freedom and the conservation integrals of kinetic energy and enstrophy, this approach
yields the vorticity equation. If a temperature perturbation is introduced as a second
degree of freedom and if enstrophy is replaced by a conserved integral for the product
of vorticity and this new second variable, one obtains the Rayleigh-Be´nard equations.
The dynamics can be described in terms of physical processes if the second integral is
replaced by two integrals making use of the squares of vorticity and temperature, which
correspond to enstrophy and available potential energy. This separation yields modular
equations. Such integrals, which have been called constitutive laws [10, 12], determine
the dynamics and are not conserved in the full system.
Here we apply a similar approach for the derivation of the shallow water equations.
While the Nambu form of these equations was obtained by Salmon [16], the equations
are here re-derived through the application of geometrical methods rather than from
intuition. In Section 2 we present the shallow water equations and the associated
conserved quantities. In Section 3 we construct the different dynamical equations
through different approximations of the conservation of energy and of the Casimirs of
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the system. In Section 4 we present the Nambu brackets for the shallow water equations.
Finally, in the Appendix, we present the Nambu form for a finite-dimensional system
obtained by the coefficients of the Fourier expansion of the shallow water equations and
describing the interaction between the ”slow” vorticity variables and the ”fast” gravity
waves modes.
2. The Shallow Water Equations
Consider a fluid in a single layer with constant density and under the effect of the Earth’s
rotation. The fluid is between a flat bottom boundary and a free surface at z = h(x, y).
We set the density to be uniform, i.e. ρ = 1. The dynamics of the horizontal flow
~v = (u, v) can be written in terms of the vorticity
ζ = kˆ · ∇ × ~v =
∂v
∂x
−
∂u
∂y
, (1)
divergence
µ = ∇ · ~v =
∂u
∂x
+
∂v
∂y
, (2)
and height h. Following [16], we write the momentum in terms of a stream-function χ,
and a potential γ, so that
h~v =
(
−
∂χ
∂y
+
∂γ
∂x
,
∂χ
∂x
+
∂γ
∂y
)
= ~k ×∇χ+∇γ . (3)
The resulting shallow water potential vorticity is
q =
ζ + f
h
, (4)
where f is the Coriolis frequency.
The system conserves two integrals, namely the total energy
H =
1
2
∫
[hv2 + gh2]dA , (5)
and the potential enstrophy
Z =
1
2
∫
hq2dA . (6)
Notice that the system conserves also the n-order potential enstrophies [14]
Zn =
1
2 + n
∫
A
hq2+ndA , (7)
where only the n = 0 case will be considered in this study. Finally, the system conserves
also mass.
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The functional derivatives of H and Z with respect to the dynamical variable are
abbreviated by subscripts, e.g. δH/δζ = Hζ , and yield
Hζ = −χ , (8)
Hµ = −γ , (9)
Hh = Φ , (10)
where
Φ =
1
2
v2 + gh , (11)
is a generalized Bernoulli function and
Zζ = q , (12)
Zµ = 0 , (13)
Zh = −
1
2
q2 . (14)
Notice that the functional derivatives can be easily solved making use of (3).
3. Construction of the Dynamical Equations
To construct the dynamical equations, we will use the conservation of the total energy,
dH
dt
=
∫ [
Hζ
∂ζ
∂t
+Hµ
∂µ
∂t
+Hh
∂h
∂t
]
dA = 0 , (15)
and potential enstrophy
dZ
dt
=
∫ [
Zζ
∂ζ
∂t
+ Zh
∂h
∂t
]
dA = 0 . (16)
Further, we will use the self-adjoint operator A defined as
Af = ∇ · (w∇f) , (17)
where w is a yet undetermined function. The symmetry of the operator A is used to
determine the energy balance∫
[HjAHi −HiAHj] dA = 0 , (18)
where, once again, subscripts i, j ∈ {h, µ, ζ} indicate functional derivatives.
In the following, we will use individual terms of the CLs and different choices for
the self adjoint operator to construct the dynamical equations for physical processes.
Throughout we will assume periodic boundary conditions.
3.1. Vorticity Advection
The vorticity equation can be derived straightforwardly from the previous definitions.
Assuming that the flow is purely vortical, we neglect the evolutions of the divergence
and the height in (15) and (16)
dH
dt
=
∫
Hζ
∂ζ
∂t
dA = 0 , (19)
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dZ
dt
=
∫
Zζ
∂ζ
∂t
dA = 0 . (20)
Following [19], consider the exact 2-form df ∧ dg, where d is the exterior differential
operator, ∧ is the wedge product, f and g are arbitrary functions, f, g : R2 → R that
depend on the phase space variables, and dA = dx∧ dy. To construct the dynamics we
thus use
∫
df ∧ dg = 0, so that∫
f df ∧ dg = 0,
∫
g df ∧ dg = 0 . (21)
In our application f = Hζ , g = Zζ, hence, from (19), (20) and (21),
∂ζ
∂t
dx ∧ dy = dHζ ∧ dZζ = J(q, χ)dx ∧ dy , (22)
where J(a, b) = ∂a/∂x ∂b/∂y − ∂a/∂y ∂b/∂x is the Jacobian operator, and where (8)
has been used. It should be noted that (22) is determined up to a constant factor. In
this way, the method here introduced is set for a construction rather than a derivation
of the shallow water equations. The analogy is explained by the definition of the CLs as
vertical integrals with a height h. Notice that this derivation of the vorticity equation
was independent on the use of the self-adjoint operator A.
The advection of vorticity has a Nambu representation with enstrophy as a
second conserved quantity used for the derivation of the dynamics [7]. The Nambu
representation shows that this equation can be considered as the most elementary
hydrodynamic system with two CLs [19] and will be re-derived in Section 4.
To determine the interaction between the vortical and the divergent components
of the flow, we are restricted to a single term depending on µ in (15). The enstrophy
conservation does not constrain the divergence evolution
dH
dt
=
∫
Hµ
∂µ
∂t
dA = 0 . (23)
This is satisfied by
∂µ
∂t
dx ∧ dy = dHµ ∧ dZζ = J(q, γ)dx ∧ dy , (24)
where we used Zζ as a choice for the arbitrary function satisfying (23) in order to ensure
the interaction between γ and q. Furthermore, this shows that the functional derivatives
of the Hamiltonian, Hζ and Hµ, are responsible for the hydrodynamic transport, i.e. the
advection, while the functional derivative of Z represents the advected quantity.
3.2. Gravity Waves
In order to derive the dynamical equations associated with the gravity waves, we start
by neglecting the vortical flow represented by the terms Hζ and Zζ. Under these
assumptions (15) yields
dH
dt
=
∫ [
Hµ
∂µ
∂t
+Hh
∂h
∂t
]
dA = 0 . (25)
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To construct the dynamical equations for µ and h we identify the self-adjoint operator
with the Laplacian operator
A(.) = ∇2(.) . (26)
Observing that the energy is conserved for∫ [
Hµ∇
2Hh −Hh∇
2Hµ
]
dA = 0 , (27)
we apply this symmetry property to cancel Hh∂h/∂t and Hµ∂µ/∂t in the energy
conservation (25). Identifying the Laplacian terms as time derivatives we obtain
∂µ
∂t
= −∇2Hh = −∇
2Φ , (28)
∂h
∂t
= ∇2Hµ = −∇
2γ . (29)
The resulting energy exchange is related to the divergence µ and thus to gravity waves.
Notice that the choice of the Laplacian was an ad hoc choice. Also for this, the method
here introduced is set for a construction of the shallow water equations.
3.3. Vortical Component of the Flow and Gravity Waves Interaction
The interaction between vortical and divergent flows couples the quasi-two-dimensional
large-scale flow and the gravity wave field in geophysical fluid dynamics. To study this
interaction, we impose that the interaction between the different components of the flow
is not responsible for changes in the total (kinetic plus potential) energy of the flow.
Hence we neglect Hh = Φ in (15)
dH
dt
=
∫ [
Hζ
∂ζ
∂t
+Hµ
∂µ
∂t
]
dA = 0 , (30)
From (30) and (18) we identify the evolution terms as
∂ζ
∂t
= AHµ , (31)
∂µ
∂t
= −AHζ . (32)
The function w in (17) can now be determined by the conservation of potential enstrophy
(16) with the functional derivatives (10)-(12)
dZ
dt
=
∫ [
Zζ
∂ζ
∂t
+ Zh
∂h
∂t
]
dA = 0 . (33)
For the h-dynamics we use (29), obtained for gravity waves above. With the vorticity
dynamics (31) we find
dZ
dt
=
∫ [
q∇ · (w∇Hµ)−
1
2
q2∇2Hµ
]
dA
=
∫ [
q
(
∇w · ∇Hµ + w∇
2Hµ
)
−
1
2
q2∇2Hµ
]
dA . (34)
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This integral vanishes for the specific choice w = q since then we can combine
dZ
dt
=
∫
∇ ·
(
1
2
q2∇Hµ
)
dA = 0 . (35)
Thus the self-adjoint operator
Aq(.) = ∇ · (q∇(.)) , (36)
can be used to conserve total compressible kinetic and potential energy, as well as the
potential enstrophy Z. Note that A is a functional of q = Zζ. This nonlinear process
involves all variables: vorticity, divergence and height. The interaction between vortical
and divergent kinetic energies is mediated by the potential vorticity q. This interaction
is relevant for important processes in geophysical fluid dynamics like the emission of
gravity waves by unbalanced flows or the equilibration towards balanced flow. Due to
the different scales involved it is responsible for the energy transfer across scales.
3.4. Noncanonical Hamiltonian Form of the Equations
The combination of the terms identified above, i.e. of (22), (24), (28), (29), (31) and
(32), with (36), is the set of evolution equations for vorticity, divergence and height
∂ζ
∂t
= J(q, χ)−∇ · (q∇γ) , (37)
∂µ
∂t
= J(q, γ) +∇ · (q∇χ)−∇2Φ , (38)
∂h
∂t
= −∇2γ . (39)
The full system identifies the noncanonical Hamiltonian form of the equations and can
be brought in a matrix notation with an anti-symmetric operator A
∂
∂t


ζ
µ
h

 = A


Hζ
Hµ
Hh

 , (40)
where
A =


−Jq Aq 0
−Aq −Jq −∇
2
0 ∇2 0

 , (41)
is the noncanonical Poisson operator and where Jqf = J(q, f) is an antisymmetric
operator for a function f .
4. Nambu and Poisson brackets
The method presented in the previous sections leads directly to Hamiltonian and Nambu
representations of the dynamics for both the vortical and divergent parts of the flow.
Construction of Hamiltonian and Nambu Forms for the Shallow Water Equations 8
4.1. Vorticity Equation
The advection of vorticity by the vortical flow is
∂ζ
∂t
= {ζ, Z,H}ζ . (42)
We can thus construct the Nambu bracket
{F, Z,H}ζ =
∫
FζJ(Hζ, Zζ)dA , (43)
for the functional F = F [ζ ]. In (43), the subscript will be used to differentiate the
bracket from the others representing the different processes. The bracket (43) represents
the 2D Euler equation. The bracket is anti-symmetric in all arguments, as it can be seen
from {F, Z,H}ζ = −{F,H, Z}ζ due to the properties of the Jacobian, and is therefore
cyclic, with {F, Z,H}ζ = {Z,H, F}ζ and its permutations. The bracket (43) has quite a
long history both in fluid dynamics and magneto hydrodynamics (MHD), see [20, 21, 7]
and, more recently, [22, 23, 19, 24].
The advection of the vorticity by the divergent flow yields a contribution to the
divergence equation
∂µ
∂t
= {µ, Z,H}µ , (44)
where we have defined the bracket for F = F [µ] as
{F, Z,H}µ =
∫
FµJ(Zζ , Hµ)dA . (45)
Equation (44) corresponds to the first term on the r.h.s. of (38). To construct a cyclic
bracket we add the integral with cyclic arguments (ZHF ) and (HZF ) [16], so that
{F, Z,H}µ =
∫
FµJ(Zζ , Hµ)dA+ cyc(F, Z,H) . (46)
The two brackets (45) and (46) can be combined in a single Nambu bracket for
F = F [ζ, µ]
{F, Z,H}ζµ =
∫
FζJ(Zζ , Hζ)dA+
∫
FµJ(Zζ, Hµ)dA
= {F, Z,H}ζ + {F, Z,H}µ . (47)
The resulting bracket is based on the conservation of kinetic energy and potential
enstrophy.
4.2. Gravity Waves
Gravity waves dynamics is described by the Poisson-bracket
∂µ
∂t
= {µ,H}µh , (48)
∂h
∂t
= {h,H}µh . (49)
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Both equations are combined for a functional F [µ, h] as
{F,H}µh = −
∫
Fµ∇
2HhdA+
∫
Fh∇
2HµdA . (50)
The bracket is anti-symmetric, {F,H}µh = −{H,F}µh. Note that no linearization is
involved in the construction of (50).
4.3. Vorticity-Potential Flow Interaction
The interaction between vortical and potential flow can be described in Nambu form
making use of the two equations
∂ζ
∂t
= ∇ · (Zζ∇Hµ) , (51)
∂µ
∂t
= −∇ · (Zζ∇Hζ) . (52)
To determine the dynamics of a functional F [ζ ], we employ (51), to obtain
∂F
∂t
= {F, Z,H}′ =
∫
Fζ∇ · (Zζ∇Hµ)dA
= −
∫
Zζ (∇Fζ · ∇Hµ) dA . (53)
In the last equality of (53) we have used the relationship
∫
∇ · (gq∇f)dA = 0 for
arbitrary functions g, q and f .
For a functional F [µ], we use instead (52), which yields
∂F
∂t
= {F, Z,H}′′ = −
∫
Fµ∇ · (Zζ∇Hζ)dA
=
∫
Zζ (∇Fµ · ∇Hζ) dA . (54)
The full bracket for arbitrary F = F [ζ, µ] is thus written as
{F, Z,H}µζζ = {F, Z,H}
′ + {F, Z,H}′′
=
∫
Fζ∇ · (Zζ∇Hµ)dA−
∫
Fµ∇ · (Zζ∇Hζ)dA
= −
∫
Zζ∇Fζ · ∇Hµ)dA+
∫
Zζ∇Fµ · ∇Hζ)dA . (55)
This bracket differs from Salmon’s bracket [16] (see his equation (2.15)) since our bracket
does not depend on a coordinate system.
The dynamics is thus determined by the conservation of both kinetic energy and
potential vorticity. The equations of motion can be written in terms of the brackets
introduced, as
∂ζ
∂t
= {ζ, Z,H}ζµ + {ζ, Z,H}µζζ , (56)
∂µ
∂t
= {µ, Z,H}ζµ + {µ, Z,H}µζζ + {µ,H}µh , (57)
∂h
∂t
= {h,H}µh . (58)
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Equations (56)-(58) consist of two Nambu-brackets, with two conserved integrals Z and
H , and one Poisson-bracket, with the Hamiltonian H only.
5. Summary
The shallow water equations have been re-derived making use of geometric concepts,
following the construction method previously applied by [19] to the generalized 2D Euler
and to the Rayleigh-Be´nard equations. The main advantage of the method presented
here is to simplify the intuitive approach which is often necessary in the construction of
dynamical equations consistent with conservation laws.
The derivation of the dynamics is based on the idea to use CLs as constraints
for the trajectories in state space. The vorticity dynamics in the shallow water
approximation is thus constructed using exterior differential forms. In agreement with
the 2D Euler equations [19], the energy and potential enstrophy appear symmetric
in a Nambu bracket. The main extension compared to [19] is to identify the energy
conserving process using self-adjoint operators. Individual mechanisms are selected by
the corresponding energy transformations. Potential enstrophy conservation is used
as a constraint when vortical flows are involved. The dynamics is determined by the
Hamiltonian and the functional dependencies on the dynamical variables.
Our formulation for the Nambu bracket differs from the bracket found by [16]
{F,H, Zn}µµζ =
1
3
∫
[J(Fµ, Hµ)Zζ + cyc(F,H, Z)]dA , (59)
{F,H, Z}ζζζ =
1
3
∫
[J(Fζ , Hζ)Zζ + cyc(F,H, Z)]dA , (60)
{F,H, Z}ζµh = −
∫ (
∂xFµ ∂xHζ − ∂xHµ ∂xFζ
∂xq
∂xZh
+
∂yFµ∂yHζ − ∂yHµ∂yFζ
∂yq
∂yZh
)
dA+ cyc(F,H, Z) , (61)
as it does not depend on the coordinate system. It should be noted that in (59)-(61)
the sum of the three brackets comprises the complete Nambu bracket for the shallow
water equations.
Our approach demonstrates thus that two CLs and three dynamical variables are
sufficient to setup the shallow water model. The equations are determined up to a
constant factor.
Note that we did not identify constitutive CLs which yield modular equations and
possible approximations. Such conserved integrals, which have been called constitutive
CLs [10], determine the dynamics but are not conserved in the full system. It is possible
that the identification of appropriate conserved integrals and subsystems allows a clearer
separation of processes.
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Appendix A. Nambu form of a finite dimensional fast-slow shallow water
system
Lorenz [25] introduced the following set of five ordinary differential equations
dx1
dt
= −x2x3 + bx2x5 , (A.1)
dx2
dt
= x1x3 − bx1x5 , (A.2)
dx3
dt
= −x1x2 , (A.3)
dx4
dt
= −
x5
ǫ
, (A.4)
dx5
dt
= −
x4
ǫ
+ bx1x2 . (A.5)
System (A.1)-(A.5) can be derived from a Fourier expansion of the shallow water
equations and describes the interaction between a vorticity triad (x1, x2, x3), also called
”slow” variables, with a gravity wave mode with divergence and geostrophic imbalance
with coefficients, respectively, x4 and x5, also called ”fast” variables. In (A.1)-(A.5), b
is the rotational Froude number, responsible for the coupling between the slow and fast
modes, and ǫ is a frequency separation parameter, proportional to the Rossby number,
introduced by [26]. The term ”separation parameter” becomes clear in the case ǫ≪ 1,
which corresponds to a formal separation of time scales between the slow and fast
modes. A lot of work has been done on the system (A.1)-(A.5), in particular to try to
understand if it allows for a formal separation of the manifolds over which the slow and
fast dynamics take place [25, 27, 28, 29, 30, 26, 31]; see [32] for a review and further
references. It is curious to note that the system itself is analogous to a swinging spring,
i.e. a pendulum in which the mass is attached to a spring [33]. In this Appendix we
will introduce the Nambu form for system (A.1)-(A.5). Following [19], the dynamics of
a finite dimensional system characterized by a Hamiltonian H and a Casimir Z can be
written in Nambu form as
d
dt
~x = ∇Z ×∇H , (A.6)
so that, an arbitrary state space function F (~x) is given by the canonical braket
∂F
∂t
= ∇F · ∇Z ×∇H ≡ {F, Z,H} . (A.7)
To put (A.1)-(A.5) in form (A.6), start by noticing that the system conserves the total
Hamiltonian
H =
1
2
(x21 + 2x
2
2 + x
2
3 + x
2
4 + x
2
5) , (A.8)
and the total enstrophy
Z =
1
2
(x22 + x
2
3 + x
2
4 + x
2
5) . (A.9)
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The uncoupled system, obtained by setting b = 0, has Hamiltonian and enstrophy, for
the slow component, respectively
H123 =
1
2
(x21 + 2x
2
2 + x
2
3) , (A.10)
and
Z123 = wH123 −
1
2
(x21 + x
2
2) . (A.11)
In this case, the uncoupled case reduces instead to a harmonic oscillator with frequency
1/ǫ [26]. The coupling between the vorticity and ageostrophic mode introduces instead
a Hamiltonian and an enstrophy with the same forms of (A.10) and (A.11), but with
the dependence on x3 replaced by x5, so that
H125 =
1
2
(x21 + 2x
2
2 + x
2
5), Z125 = wH125 −
1
2
(x21 + x
2
2) . (A.12)
where w ∈ R is arbitrary. With these considerations, the dynamics of (A.1)-(A.5) can
be written as
d
dt
~x = ∇123Z123 ×∇123H123 − b∇125Z125 ×∇125H125 +
1
ǫ
[~x,H45]45 ,(A.13)
i.e., it can be written as the sum of two Nambu brackets and one Poisson bracket, that
is the same structure that was found for the infinite dimensional system (56)-(58). In
(A.13) we have set ∇ijk = (∂i, ∂j , ∂k) and [F,G]ij = (∂iF∂jG − ∂jF∂iG) for arbitrary
phase space functions F (~x) and G(~x). (A.13) can thus be generalized as
d
dt
F (~x) = {F, Z123, H123}123 − b{F, Z125, H125}125 +
1
ǫ
[F,H45]45 , (A.14)
where
{F, Z12i, H12i}12i = ∇12iF · ∇12iZ12i ×∇12iH12i , i = 3, 5 , (A.15)
are the Nambu brackets of the system.
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